Modeling of circular cylindrical metasurfaces using the method of moments (MoM) based on generalized sheet transition conditions (GSTCs) is presented. GSTCs are used to link the integral equations for fields on the inner and outer contour of the circular cylindrical metasurface. The GSTC-MoM is validated by two examples: 1) anisotropic and gyrotropic metasurface capable of two field transformations; and 2) nongyrotropic metasurface capable of transforming the field generated by an infinite electric line source at origin to the field generated by a displaced electric line source. The formulations presented here can be used as a platform for deriving GSTC-MoM for 3-D spherical and conformal metasurfaces.
I. INTRODUCTION
M ETASURFACES are deeply subwavelength surfaces, which can manipulate electromagnetic waves in a desired manner [1] . Essentially, these are field transformers, which are constructed by arrangement of subwavelength scatterers in a host medium. Metasurfaces have practical advantages over bulk metamaterials including easier fabrication, lower loss, and less weight [2] . Even though they have similarities with frequencyselective surfaces [3] , the design possibilities offered by metasurfaces are much broader. Metasurface applications include polarization transformation [4] , 2-D waveguides [5] , radiation pressure control [6] , generalized refraction [7] , broadband absorbers [8] , flat optical components [9] , LED efficiency enhancers [10] , spatial isolators [11] etc. Review of metasurfaces and its applications can be found in [12] - [14] .
Metasurfaces achieve their functionality by creating a spatiotemporal electromagnetic discontinuity. Mathematically, the discontinuity can be expressed by generalized sheet transition conditions (GSTC), which relates the electric and magnetic field discontinuities to the electric and magnetic surface polarization current densities [4] , [15] , [16] . At present, commercial electromagnetic simulation software packages can model several boundary conditions, such as perfect electric conductor, perfect Manuscript Sandeep.) The authors are with the Singapore University of Technology and Design, Singapore 487372 (e-mail:, sandeepsrikumar2013@gmail.com; huangshaoy-ing@sutd.edu.sg).
Digital Object Identifier 10.1109/JMMCT.2018.2881253 magnetic conductor, periodic boundary condition, standard impedance boundary condition, radiation boundary condition, and perfectly matched layer. However, no commercial CAD tools have yet incorporated the modeling of GSTCs. Therefore, it is important to develop numerical modeling of GSTCs for analysis and synthesis of metasurfaces. The modeling of GSTCs in the finite-difference frequency-domain method was reported in [17] . This work was extended to handle a more general dispersive time-varying metasurface using a finite-difference timedomain (FDTD)-GSTC formulation in [18] and [19] . Modeling of GSTCs in the finite-element method (FEM), which is one of the more widely used numerical methods to simulate practical problems, was described in [20] . An integral equation (IE) solution to planar time-varying metasurface was described in [21] . A review of computational electromagnetic methods applied to metasurface analysis can be found in [22] . It should be noted that most of the published work in computational modeling of metasurfaces using GSTCs use finite-difference-based methods [22] , [23] . Finite-difference-based methods such as FDTD are not always suitable for multiscale problems. Most of the widely used general-purpose electromagnetic simulators as well as specialized tools used in industry use either FEM or method of moments (MoM). Hence, there is a need to explore FEM-and MoM-based techniques for this problem. The vast majority of metasurfaces reported to date are planar. Other canonical shapes such as cylindrical metasurface [24] , [25] and spherical metasurface [26] are now being studied. It is expected that conformal metasurfaces (metasurfaces of irregular shape) will become a subject of active research [26] . Some of the applications of cylindrical metasurfaces include leaky wave antennas [27] , [28] , radiation pattern control [29] , cloaking [30] , and angular momentum transformation [31] . The goal of this paper is to analyze a circular cylindrical metasurface scattering problem using the MoM. The formulation presented here paves the way for the IE-MoM-based solution for spherical and conformal metasurfaces as well as a system of such metasurfaces. [26] . The IE-MoM has the advantage over the FEM and FDTD of not requiring to mesh the entire problem space. This will provide tremendous computational capability for electrically large problems involving metasurfaces. It should be noted that physical metasurfaces have a finite-subwavelength thickness. Simulating such structures directly would result in very dense meshes around the metasurfaces and, hence, compromise the simulation efficiency. By replacing a physical metasurface by an equivalent GSTC, the burden of mesh generation can be reduced significantly, and the simulation efficiency can be enhanced considerably. This is particularly important in simulation scenarios, where multiple metasurfaces are involved or when repetitive simulations are required for physical metasurface design and optimization [16] , [22] .
The organization of this paper is as follows. Section II recalls the GSTC metasurface synthesis equations. This is followed by a summary of 2-D IEs in Section III. Section IV shows the derivation of the GSTC-MoM for 2-D cylindrical problems. Numerical validation of the derived formulation is shown in Section V. Conclusions are provided in Section VI.
II. CYLINDRICAL METASURFACE SYNTHESIS EQUATIONS
GSTCs for a general orthogonal coordinate system can be derived by taking into consideration the surface polarization densities [26] , [32] . GSTCs for planar metasurfaces [16] , [33] and spherical metasurfaces [26] are special cases of such a formulation. By following the same procedure in [26] and [32] , GSTCs for a circular cylindrical metasurface of radius a can be written as
whereP s,|| andM s,|| are the transverse electric and magnetic surface polarization densities, respectively. ΔΨ = Ψ + − Ψ − denote the jump discontinuity of the field component Ψ.
is the transverse gradient operator. The medium internal and external to the metasurface cylinder is free space. A time harmonic dependence of e j ω t is assumed, and the conventional cylindrical coordinate system of (ρ, φ, z) is used. Since this is a 2-D cylindrical boundary value problem, sources and material properties have no variation along the z-direction. Since the metasurface is of subwavelength thickness, the normal polarization current densities are ignored [16] , [26] . The GSTC equation (1) reduces to
Following the bianisotropic susceptibility-GSTC approach [33] , the transverse surface polarization densities are related to the average of the fields on either side of the metasurface through the four susceptibility tensors as
where χ ee , χ mm , χ em , and χ me are the electric/magnetic (first e/m subscripts) susceptibility tensors describing the response to the electric/magnetic (second e/m subscripts) excitations, and the subscript "av" denotes the average of the fields on both sides of the metasurface, (2) results in the following metasurface synthesis equations:
which are applicable for a general bianisotropic metasurface. Throughout this work, we have assumed a monoanisotropic metasurface, i.e., χ em = χ me = 0. In such a case, the metasurface synthesis equations are simplified to
III. TWO-DIMENSIONAL INTEGRAL EQUATIONS
Consider a closed circular contour Γ of radius a in the xy plane. This contour represents the cylindrical GSTC surface. The domain inside Γ is denoted by Ω 2 , and the domain outside Γ is denoted by Ω 1 . Then, for TM polarization (E z , H ρ , H φ ), the IEs for domains Ω 1 and Ω 2 are [34]
0 (k 0 |ρ −ρ |) is the 2-D free-space Green's function [34] and n denotes direction normal to the circular contour. E z 1 (ρ), H φ1 (ρ) are the fields in domain Ω 1 , and E z 2 (ρ), H φ2 (ρ) are the fields in domain Ω 2 . E inc z 1 (ρ) is the incident electric field due to the sources in Ω 1 , and E inc z 2 (ρ) is the incident electric field due to sources in Ω 2 .
Similarly, for TE polarization (E ρ , E φ , H z ), the IEs for domain Ω 1 and Ω 2 are given by
is the incident magnetic field due to sources in domain 1, and H inc z 2 (ρ) is the incident magnetic field due to sources in domain 2. In the IEs above, only the φ component of the transverse field is used. This is due to the face that we are dealing with a circular cylinder, and as per the surface equivalence principle, only the tangential component of the field on the cylinder surface is required for description of field in the two domains. Both TM and TE polarizations should be considered in domains Ω 1 and Ω 2 because the metasurface in general can be gyrotropic. There are eight unknowns in the above equations. They are the fields just outside the GSTC surface: E z 1 (ρ ), H φ1 (ρ ), E φ1 (ρ ), H z 1 (ρ ) and fields just inside the GSTC surface: E z 2 (ρ ), H φ2 (ρ ), E φ2 (ρ ), H z 2 (ρ ), whereρ ∈ Γ. Once these field components are known, field anywhere can be obtained by (6) and (7) .
IV. GSTC-MOM FORMULATION
In this section, GSTC-MoM is derived by combining the IEs from Section III with GSTC synthesis equations from Section II. The eight unknown quantities are given by
In (8), F 2 and F 1 are the fields on the inner and outer contours of the circular cylindrical metasurface. These are solved by using four IEs and metasurface synthesis equations. The IEs are obtained from ρ ∈ Γ condition in (6) and (7) as
Since the number of unknowns is eight, we need four more relations. These are obtained from the metasurface synthesis equations (5) . From (5), we can obtain a matrix relation between F 2 (ρ ) and F 1 (ρ ) as
The matrices A 1 (ρ ) and A 2 (ρ ) are given by
By using (10), the fields on the inner surface of the metasurface (i.e., F 2 (ρ )) in (9b) and (9d) can be replaced with fields on the outer surface of the metasurface resulting in the following two IEs:
The dependence of the elements of matrix A onρ is not explicitly shown. The IEs (9a), (9c), (12) , and (13) can be used to solve F 1 (ρ ), which, in turn, can be substituted into (10) to obtain F 2 (ρ ). These four IEs can be converted to a system of linear equations by discretization of the circular contour Γ into N segments, using a pulse basis function to represent the field components followed by point matching to 
where the unknown vectors are
In (15), the number after comma represents the discretization index. Each of the matrices Z ij are N × N . The matrix elements are as follows: 
The coefficients p mn , q mn , r mn , and s mn are calculated by
s n denotes the nth discretization segment,ρ m is the middle point of the mth segment, and δ mn is the Kronecker delta function. The excitation vector components are given by
Once the MoM system of equations are solved to obtain F 1 (ρ ), F 2 (ρ ) are obtained by using (10 a).
In this formulation, we have assumed a monoanisotropic metasurface with synthesis equations given by (5) . The formulation is also applicable for the more general bianisotropic metasurface with synthesis equations given by (4) . In such a case, matrices A 1 and A 2 are 
where c 0 = 1/ √ μ 0 0 . It should be noted that in the absence of a metasurface, all the susceptibility tensor components will be zero. For such a case, from (22) and (23), A(ρ ) is a 4 × 4 identity matrix, and hence, F 2 (ρ ) = F 1 (ρ ). Thus, the GSTC-MoM reduces to the well-known combined field integral equation MoM [34] when there is no metasurface boundary.
V. NUMERICAL VALIDATION
In this section, the proposed 2-D GSTC-MoM formulation is validated using two examples: 1) monoanisotropic and gyrotropic metasurface, which can perform two field transformations; and 2) metasurface that transforms field due to electric line source at origin to field due to displaced electric line source. Both the examples use the pulse basis function and point matching detailed in the last section.
A. Example 1
For a monoanisotropic metasurface, there are eight susceptibility components, as given in (5) . To solve for these eight unknowns (i.e., to synthesize the metasurface), we need two separate field transformations [16] . A field transformation is defined by E z , H φ , E φ , and H z on both the inner and outer regions of the cylindrical metasurface. We consider the following field transformations: Transformation 1: Field generated by an infinite electric line source, i.e.,J e = δ(x)δ(y)ẑ A · m −2 , is transformed to field due to an infinite magnetic line source, i.e., J m = δ(x)δ(y)ẑ V · m −2 . Transformation 2: Field generated by an infinite magnetic line source is attenuated by half. For both transformations, the metasurface has to be reflectionless. For transformation 1, the electric and magnetic fields on the inner and outer surfaces of the metasurface are given by
0 (k 0 a), H
where a is the metasurface radius. Similarly, for transformation 2, the fields are given by
0 (k 0 a) (25a)
In (24) and (25), the superscripts + and − denote outer and inner contours, respectively, The superscripts (1) and (2) for field components denote transformation 1 and transformation 2, respectively. It should be noted that in the GSTC-MoM theory in Section IV, (1) and (2) was used to denote outer and inner contours, respectively. Therefore, + and − in this sec- tion corresponds to (1) and (2) in Section IV. Using these two transformations, the susceptibility tensor components can be obtained as
in the MoM excitation vector. Therefore, the simulation results are expected to be a superposition of both the transformations detailed earlier in this section. The magnitude of the longitudinal fields, |E z (ρ)| and |H z (ρ)|, are plotted in Figs. 1 and 2 , respectively. Consider the first transformation, i.e., due to electric line source,J e = δ(x)δ(y)ẑ. The metasurface was synthesized to be reflectionless for the field generated by electric line source and to transform the same field into a field due to magnetic Fig. 1 , where the |E z (ρ)| inside the metasurface (i.e., ρ/λ < 1.2) coincide with |E z (ρ)| due to an infinite electric line source. |E z (ρ)| outside the metasurface is zero due to the fact that electric line source field (TM z : Ez, H φ ) is converted to magnetic line source fields (TE z : E φ , H z ). Consider the second transformation, i.e., due to magnetic line sourcē J m = δ(x)δ(y)ẑ. The metasurface was synthesized to be reflectionless for the field generated by magnetic line source and to transform the same field by attenuating it by a factor of 2. The reflectionless property can be observed in Fig. 2 , where the |H z (ρ)| coincide with |H z (ρ)| due to an infinite magnetic line source. |H z (ρ)| outside the metasurface is the sum of the fields due to two transformations. The first transformation results in |H z (ρ)| due toJ m = δ(x)δ(y)ẑ, and the second transformation results in |H z (ρ)| due toJ m = 0.5δ(x)δ(y)ẑ. This can be seen in Fig. 2 , where the field outside the metasurface coincides with field due toJ m = 1.5δ(x)δ(y)ẑ. 
B. Example 2
This example deals with a nongyrotropic metasurface i.e., χ z φ ee = χ φz ee = 0, χ z φ mm = χ φz mm = 0 . Such a metasurface can independently transform TE and TM modes (i.e., there is no coupling between these modes). In a physical metasurface, the nongyrotropic condition is enforced by using scattering particles, which are themselves nongyrotropic. Since there are only four nonzero susceptibility components, one transformation is sufficient to find these susceptibility components. The transformation is given by transforming the field generated by an infinite electric line source located at origin to field generated by a displaced infinite electric line source [35] . The TM mode fields on the inner and outer surfaces of the cylinder for this transformation are given by 
where a is the metasurface radius, and the displaced electric line source is located at (ρ = b, φ = φ b ). Even though the displaced line source produces an H ρ component, this component is not required for synthesizing the susceptibility using (5) . Alternatively, as per the surface equivalence principle [35] , only the tangential components of the field on the outer surface of the metasurface cylinder are required to define the field in the region external to the metasurface. Using (5), (30) , and (31), χ z z ee (φ) and χ φφ mm (φ) can be obtained. The susceptibilities for the case of a = 0.5λ, b = 0.3λ, and φ b = π 4 are shown in Fig. 3 . We are not concerned about the other diagonal susceptibility tensor components χ φφ ee and χ z z mm , since the nongyrotropic metasurface can independently transform TE and TM modes. The GSTC-MoM results are compared with analytical results in Fig. 4 .
VI. CONCLUSION
A novel approach based on the IE-MoM is provided for fast analysis of circular cylindrical metasurface or circular cylindrical metasurface systems (i.e., layered media separated by cylindrical metasurfaces). The formulation is extended to bianisotropic metasurfaces. The formulation and code are validated by using two examples. Even though the examples use sources inside the metasurface cylinder, the simulation framework is applicable to multiple sources both internal and external to the metasurface cylinder, as well as concentric metasurface systems. This work also shows the application of the bianisotropic susceptibility-GSTC [16] approach to cylindrical metasurfaces. The formulation can be easily extended to noncircular cylinders. The fundamental principle lays the platform for the IE-MoM applied to spherical and conformal metasurfaces [23] .
